THE “EXTENDED” AK-MODEL
Notes for International Economics Advenced – prof. M. Tamberi
In literature the AK model is well known: its name derived from the simple production function that is Y=AK.

Here I present a richer version of this model, that we can call the “extended” AK model. Suppose we have a production function analytically similar to the Cobb-Douglass (same conditions on parameters)
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but with a fundamental difference: H replaces L. 
H represents the human capital of this economy, something that has to do with knowledge, education, etc.; it is intrinsically different from L because H is a reproducible factor: the economy can save and invest in H
 (as in K).

This “small” change produces a completely different outcome in term of economic growth.

Consider, as in the Solow model, L=N, and express the production function in per capita terms
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Remembering that we use lower case letters for per capita variables, we can write the previous expression in this way:
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or 
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From this it is easy to get
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Where per capita income level depends on the per capita levels of physical and human capital.

Suppose that in the economy savings are splitted between H and K according to specific savings propensities
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and
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Let us concentrate our attention on the dynamics of k (similar passages for the dynamics of h):
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 or 
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In order to get a very simple final formal outcome, we hypothesize that both n and  are null.
Now, substituting the expression for y in this last equation we get
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And, dividing both sides by k, we get the equation for the rate of growth of k
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That can be easily transformed in the following
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We’ll come back to this result later.

For the moment consider that, in equilibrium, the marginal productivities of H and K have to equalize, because people will address their savings to the more productive factor, and, given both of them have diminishing marginal productivities, this process will go on until marginal productivities equalize, that is until 
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With simple passages we then get 
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 and obviously, in per capita terms:  
[image: image16.wmf]h

k

/

)

1

/(

=

-

a

a


The meaning is that in equilibrium there is a given ratio of K on H defined by the value , and both reproducible factors will grow at the same rate (in order to keep the ratio constant).

Now, take the equation ok gk and use our last result to get
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You see that gk is explained only by parameters, and this means that it is constant and positive if the first addend is greater than the second. To simplify, call 
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Then the pervious equation reduces to 
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The graphical representation is the usual representation of an AK model: in this case the n horizontal “line” is overlapped to the x axis.
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Doing similar passages for h instead of k, we arrive at the conclusion that:
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Since the ratio of k/h is constant (in equilibrium) this means that gh=gk, as a consequence gk/gh=1; from this conclusion it is also possible to find the equilibrium rate of the saving rates
, that is 
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As said before, in this case we obtain a result completely different from that of the Solow model: in fact, if the saving rate is sufficiently high, this economy exhibits a constant rate of growth of per capita variables, while in the Solow model growth was a transitory phenomenon before the steady state.

You also should observe that in this model there is no convergence at all and a richer (poorer) country permanently remains richer (poorer).

Why do we have this different result?

It completely depends on the fact that all productive factors are reproducible: given the characteristics of the production function (constant economies of scale), returns on reproducible factors “globally” considered are constant, while in the Solow model returns on reproducible factors “globally” considered were diminishing, since we have only one factor with this property and another not reproducible factor (L).

Since H/K (or h/k) is constant in equilibrium, this necessarily means that gk = gh . Finally, since, algebraically 
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 and considering again that gk = gh
We get 
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: all per capita variables grow at the same constant rate.
� In reality the only important thing is that H is a reproducible factor; we call it “human capital” to give a specific sense at the equation and to maintain a similarity to the original AK model.


� Our initial assumption that the saving rates are given is correct in equilibrium, not transitorily
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